Abstract. We introduce the notion of a reflection fusion category, which is a type of a G-crossed category generated by objects of Frobenius-Perron dimension 1 and √ p, where p is an odd prime. We show that such categories correspond to orthogonal reflection groups over F p . This allows us to use the known classification of irreducible reflection groups over finite fields to classify irreducible reflection fusion categories.
Introduction
In this paper we introduce the notion of a reflection fusion category and give a classification of such categories which are irreducible. Namely, a reflection fusion category is a faithful G-crossed fusion category B whose invertible objects all sit in the trivial component B e and form an elementary abelian p-group V (for an odd prime p) with a nondegenerate braiding (quadratic form on V ), such that B is tensor generated by objects of Frobenius-Perron dimension 1 and √ p. The last condition is the most important one, and results in G being realized as an orthogonal reflection group acting on V , with objects of dimension √ p corresponding to reflections. More precisely, each element g of the reflection group G gives rise to an invertible module category ρ(g) = B g over B e (i.e., an element of the Picard group Pic(B e )), and this assignment defines a morphism of 3-groups G → Pic(B e ). This shows that the property of a group to be generated by reflections has a natural interpretation in the theory of tensor categories; namely, the notion of a reflection fusion category is a kind of categorification (or even 2-categorification) of the notion of a reflection group, which motivates our terminology.
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We say that a reflection fusion category B is irreducible if B e has no nontrivial G-invariant tensor subcategories. We show that irreducible reflection categories give rise to irreducible reflection groups acting on V . Since irreducible orthogonal reflection groups over fields of positive characteristic have been classified, we are able to classify irreducible reflection categories. Namely, we have to analyze the obstructions O 3 (ρ) ∈ H 3 (G, V ) and O 4 (ρ, M) ∈ H 4 (G, k × ) where M ∈ H 2 (G, V ) that arise in the construction of the G-crossed extension of B e (cf. [ENO05] , Sections 7, 8). It is easy to see that O 3 (ρ) always vanishes, and O 4 (ρ, M) also usually vanishes since O 4 (ρ, 0) vanishes (as shown in the Appendix) and the group H 2 (G, V ) is usually zero. This allows us to show that for each irreducible orthogonal reflection group there is a unique reflection category (up to twisting by an element of H 3 (G, k × ), with a small number of exceptions.
The organization of the paper is as follows. In Section 2 we discuss preliminaries on fusion categories and G-crossed categories. In Section 3 we discuss preliminaries on quadratic forms and orthogonal groups over finite fields, and give the classification of irreducible orthogonal reflection groups over F p , using the known classification of irreducible reflection groups over a finite field (up to extension of scalars). In Section 4 we introduce the notion of a reflection fusion category and show that such a category gives rise to an orthogonal reflection group over a finite field. In Section 5 we classify irreducible reflection categories using the classification of irreducible orthogonal reflection groups. Finally, in the Appendix it is shown that if C is a pointed fusion category whose simple objects form an elementary abelian p-group V (p > 2) then any homomorphism ρ : G → O(V ⊕ V * ) gives rise to a canonical G-extension of C, and if C is equipped with a nondegenerate braiding defined by a quadratic form Q on V then any homomorphism ρ : G → O(V, Q) gives rise to a canonical G-crossed extension of C.
Preliminaries on fusion categories and G-crossed fusion categories
2.1. Fusion categories. In this section we recall some basic definitions and standard notions. Much of the material here can be found in [DGNO10] and [EGNO15a] . Let k be an algebraically closed field of characteristic zero. By a fusion category we mean a k-linear semisimple rigid tensor category C with finitely many isomorphism classes of simple objects, finite dimensional spaces of morphisms and such that 1, the unit object of C, is simple. By a fusion subcategory of a fusion category we mean a full tensor abelian subcategory.
For a fusion category C we denote by Irr(C) the set of isomorphism classes of simple objects in C. The cardinality of Irr(C) is called the rank of C.
For a fusion category C, we will denote by Inv(C) the group of isomorphism classes of invertible simple objects of C. A fusion category is called pointed if every simple object is invertible.
The Grothendieck ring of a fusion category C will be denoted K 0 (C). There exists a unique ring homomorphism FPdim : K 0 (C) → R such that FPdim(X) > 0 for any X ∈ Irr(C), see [EGNO15a, Proposition 3.3.6]. The Frobenius-Perron dimension of a fusion category C is defined as
A fusion category B is called braided if it is endowed with a natural isomorphism
satisfying the hexagon axioms, see [JS93] . A braided fusion category is called Tannakian if B ∼ = Rep G as braided fusion categories, for some finite group G, where the braiding in Rep G is the usual one
A braided fusion category (B, c) is called non-degenerate if the unique simple object X ∈ B such that c Y,X c X,Y = id X⊗Y , for all objects Y ∈ B is the unit object. For spherical braided fusion categories, non-degeneracy is equivalent to modularity, i.e., the invertibility of the S-matrix, see [DGNO10] .
2.2. G-crossed fusion categories and homotopy theory. In this subsection, we will recall the definition of G-crossed fusion category in the sense of Turaev [Tur10, Tur00] and some of the results of [ENO10] about the construction of G-crossed fusion categories.
2.2.1. The Picard group of a braided fusion category. Let C be a fusion category. A C-module category is a semisimple k-linear abelian category M equipped with (1) a k-bilinear bi-exact bifunctor ⊗ : C × M → M; (2) natural associativity and unit isomorphisms
We will denote by B-Mod, the 2-category of module categories over B, see [EGNO15a] for more details.
Let B be a braided fusion category. In [ENO10] the tensor product M ⊠ B N of B-module categories M and N was defined. With this tensor product, the 2-category B-Mod has a structure of monoidal 2-category, in the sense of [GPS95] . A B-module category M is called invertible if there exists a module category N and equivalences
We will denote by Pic(B) the monoidal 2-subcategory of B-Mod, where objects are invertible B-module categories, 1-arrows are equivalences of B-module categories and 2-arrows are B-module natural isomorphisms. The Picard group Pic(B) is the 2-truncation of Pic(B), that is, the set of equivalence classes of invertible B-module categories with product ⊠ B .
If B is non-degenerate, the 1-truncation Pic(B) of Pic(B) is a categorical group monoidally equivalent to Aut br ⊗ (B), the monoidal category of braided auto-equivalences of B and arrows monoidal natural isomorphisms, [ENO10, Theorem 5.2]. In particular, for non-degenerate braided fusion categories Pic(B) is isomorphic to Aut br ⊗ (B), the group of equivalence classes of braided tensor autoequivalences.
2.2.2. G-crossed fusion categories. Let G be a finite group and let C be a fusion category. A (faithful) G-grading on C is a decomposition C = ⊕ g∈G C g , such that C g ⊗ C h ⊆ C gh and C g = 0 for all g, h ∈ G.
We will denote by G the discrete monoidal category with Obj (G) = G and monoidal structure defined by the multiplication of G. An action of G on C is a monoidal functor G → Aut ⊗ (C), where Aut ⊗ (C) is the monoidal category of monoidal autoequivalences of C and monoidal natural isomorphisms with tensor product given by composition of monoidal functors.
Let T : G → Aut ⊗ (C) be an action of a group G on C. Given X, Y ∈ Ob(C) and f : X → Y , we will denote by g * (X) and g * (f ) the image of X and f under the functor T (g).
Definition 2.1. A (faithful) G-crossed fusion category is a fusion category C equipped with the following structures:
(i) an action of G on C,
natural in X and Y . The isomorphisms c X,Y are called the G-braiding. This structures should satisfy the following conditions:
commute for all X ∈ C g , Y, Z ∈ C and the diagrams
The isomorphisms can are the natural isomorphisms constructed using the natural isomorphisms of the action of G on C.
The definition of equivalence for G-crossed monoidal categories can be found in [Gal17, Section 5.2].
From now on by a G-crossed fusion category we will understand a faithful G-crossed fusion category.
In [ENO10, Theorem 7 .12] it was proved that there is a correspondence between equivalence classes of (faithful) G-crossed fusion categories C with C e = B and equivalence classes of homomorphisms from the discrete monoidal 2-category G to Pic(B), or equivalently homotopy classes of maps from BG to BPic(B).
In order to construct all maps from G to Pic(B) we can use obstruction theory, see [ENO10, Section 8]. First we fix a group homomorphism ρ : G → Pic(B). The obstruction to the existence of a monoidal functor ρ : G → Pic(B), whose truncation is ρ is given by the element O 3 (ρ) ∈ H 3 (G, Inv(B)). In case that O 3 (ρ) vanishes, the equivalence classes of liftings of ρ form a non-empty torsor over H 2 (G, Inv(B)). Now, once a monoidal functor ρ : G → Pic(B) is fixed, again the obstruction to the existence of a homomorphism ρ : G → Pic(B) whose truncation is ρ is given by the element O 4 ( ρ) ∈ H 4 (G, k × ). In case that O 4 ( ρ) vanishes, the equivalence classes of liftings of ρ form a non-empty torsor over
.
The next proposition describes explicitly the action of H 3 (G, k × ) on the set of G-crossed fusion categories.
and G-action g * : B → B with the natural isomorphisms Proof. It is a straightforward computation that follows from the 3-cocycle condition of ω.
Let B and D be G-crossed fusion categories. We will say that B and D are twist equivalent if there is ω ∈ Z 3 (G, k × ) such that B ω and D are equivalent as G-crossed fusion categories.
Finite reflection groups over finite fields
A quadratic form on a vector space V over a field F is a function
If B is a symmetric bilinear form on V , the associated quadratic
and the bilinear form B is completely determined by the quadratic form Q. The quadratic form Q is called non-degenerate if B is nondegenerate. A (finite) quadratic space is a pair (V, Q) where V is a finite dimensional vector space and Q a non-degenerate quadratic form on V .
A map f :
The orthogonal group of (V, Q) is the group of isometric isomorphisms from a quadratic space to itself, that is,
3.1. Quadratic spaces over finite fields. In this section all vector spaces will be over a finite field F q , a field of q = p k elements, p an odd prime.
A quadratic space is said to be isotropic if there is a non-zero vector on which the form evaluates to zero. Otherwise the quadratic form is anisotropic.
A 2-dimensional quadratic space L is called a hyperbolic plane if it has a basis {u, v} with Q(u) = Q(v) = 0 and B(u, v) = 1.
For a fixed dimension there are exactly two isomorphism classes of quadratic spaces, [Gro02, Corollary 4.10]. Representatives of each class are
where α ∈ F × q is a non-square element. We write F ×2 = {a 2 |a ∈ F × }, the subgroup of all squares in F × . If B is a non-degenerate symmetric bilinear form on V andB is a representing matrix, the discriminant is defined as
The dimension of V and the discriminant are complete invariants for quadratic spaces. If (V, Q) is a quadratic space of odd dimension, and d ∈ F × is a non-square, the quadratic space (V, dQ) has Discr(dQ) = d Discr(Q), that is, (V, dQ) is non-isomorphic to (V, Q) and
Thus, in odd dimension the orthogonal groups will be denoted just by
In even dimension a quadratic space (V, Q) can be written as a direct orthogonal sum:
where the L i 's are hyperbolic planes and W is the zero space or an anisotropic plane. If
3.2. Orthogonal reflection groups and their twisted forms. In this subsection we will recall some basic notions about reflection groups. We will denote by V a finite dimensional vector space over a field F of characteristic zero or p > 2 and B a non-degenerate symmetric bilinear form on V .
Let a ∈ V with B(a, a) = 0. As usual, we define r a ∈ O(V, Q), the reflection along a by
where B is the bilinear form associated to Q.
Let F q be a finite field, and let L be an extension field of
For a group G (not necessary finite), and a field F, the category of Flinear orthogonal representations of G will be denoted by O-Rep(G, F).
, where F is an algebraic closure of F. 
Remark 3.3. Given an absolutely irreducible orthogonal representation (ρ, (V, Q)) of G and a non-square element α ∈ F q , the orthogonal representation (ρ, (V, αQ)) is a non-isomorphic twisted F q -form. In fact, since ρ is absolutely irreducible, if f : (ρ, (V, Q)) → (ρ, (V, αQ)) is an isomorphism, we must have that f = βid V and αQ(v) = Q(βv) for all v ∈ V . The last equation implies that α = β 2 , a contradiction if α is a non-square element.
3.3. Orthogonal irreducible reflection groups over F p . For future applications, in this section we will present the classification of irreducible orthogonal reflection groups, based on the classification of irreducible reflection groups over finite fields ( see [ZS80] and [Wag81] ) and [MS04, Theorem 3.1].
3.3.1. Reflection groups of orthogonal type. If (V, Q) is a quadratic space over F q , the full orthogonal group O(V, Q) is an irreducible reflection group, [Art57, Theorem 3.20]. For dim(V ) > 1, the group O(V, Q) has two conjugacy classes of reflections, each of which generates an irreducible reflection group.
If dim(V ) is even then these two groups are conjugate under GL(V ) and we will denote them by
is odd, the groups are not isomorphic. One of them, O 1 (2n + 1, q), has center {id V , −id V }, and the other one, O 2 (2n + 1, q), has trivial center.
Reflection groups of type
by permuting the coordinates. If p|n + 2 and n > 2, the 1-dimensional subspace W = Span Fp {(1, . . . , 1)} ⊂ V is invariant and the quotient V /W is an n-dimensional irreducible faithful representation of S n+2 . This representation of S n+2 will be called A n,p .
Modular reduction of reflection groups of Coxeter type.
Finite reflection groups over Euclidean spaces are Coxeter groups and they arise from root systems. We will follow [Kan01, page 93] for the notation and realization of the irreducible root systems. Let G = r 1 , . . . , r n be an irreducible (crystallographic) finite reflection group with root system A n (n ≥ 1), B n (n ≥ 2), D n (n ≥ 4), E n (n = 6, 7, 8), or F 4 . For any odd prime p, the reduction of G mod p, denoted by G p is the subgroup of GL n (F p ) generated by the modular images of the reflections r i 's. These reductions will be denoted by A n,p , B n,p , E n,p , and F 4,p .
For A n , if p|n + 1, the reduction is not irreducible (see the case A n,p ). Analogously to A n,p , the reflection representation of the Weyl group of type E 6 over F 3 has a one dimensional invariant subspace, and the quotient by this subspace is a faithful 5-dimensional irreducible representation of this group, giving a reflection group which we denote by E 5,3 . However, E 5,3 ∼ = O 2 (5, 3), which is why we will assume p > 3 for E 6 .
The 
It follows from the realization of the root systems of H i (i = Hence, if the reflection representation can be realized over F p , there is β ∈ F p such that β 2 − β + 1 = 0. Thus, we have p ≥ 5. For p = 5, α = 4 ∈ F 5 , defines a realization of the reflection representation of H i (i = 3, 4). If p > 5, the quadratic reciprocity implies that x 2 −x+ 1 has a root in F p if and only if condition (3.3) holds. Conversely, let β ∈ F p , with β 2 −β+1 = 0, then α = β+2 ∈ F p satisfies α 2 −3α+1 = 0, that is, α defines a realization of the reduction of the reflection representation of H i over F p .
Remark 3.5.
• Let p > 5, p 2 −1 = 0 mod 5, and let ζ ∈ F p is a root of 5. The discriminants of the symmetric bilinear forms of the reductions of H 3 and H 4 are 3 − ζ and (7 − 3ζ)/2, respectively. Thus, the reduction mod p is non-degenerate. These reductions will be denoted by H ζ i,p .
• The choice of the square root of 5 in the reduction of H 3 affects the isomorphism class of the associated quadratic space. For instance, he discriminant of H Table 1 .
Finally, let us discuss the reductions of Coxeter groups of rank 2. Proof. The proposition follows from the description of the orthogonal groups of quadratic planes, see [Gro02] .
Namely, if V is a hyperbolic plane then SO(V, Q) ∼ = F × p and every f ∈ O(V, Q) with det(f ) = −1 is a reflection. Moreover, O(V, Q) is a semidirect product SO(V, Q) ⋊ r u for any reflection r u ∈ O(V, Q).
The group O(V, Q) is isomorphic to the dihedral group of order 2(p−1).
In order to describe O(V, Q) for an anisotropic plane, consider γ ∈ F p a non square element. Let F p 2 := F p ( √ γ), Then F p 2 is a two dimensional F p -space and the norm map
is an anisotropic quadratic form. Each c ∈ K with N(c) = 1 defines a map ρ c ∈ SO(F p 2 , N) via
In fact, this correspondence defines an isomorphism SO(F p 2 , N) ∼ = ker(N| K * ). Thus SO(F p 2 , N) is a cyclic group of order p + 1. The map
is an orthogonal reflection. The group O(V, N) is a semidirect product SO(V, N) ⋊ τ . Hence O(V, N) is isomorphic to the dihedral group of order 2(p + 1). Now the proposition follows easily from the description of the subgroups of a dihedral group.
The reflection groups constructed in the previous proposition will be denoted by I 2,p (d).
Classification theorem.
Theorem 3.7. Suppose G ⊂ O(V, Q) is a finite irreducible group generated by orthogonal reflections over the finite field F p , with p an odd prime. Then, G is a twisted form of (a) the reduction mod p of a finite irreducible Coxeter group; or (b) A n,p ∼ = S n+2 , when p|(n + 2); or (c) the full orthogonal group O(V, Q), or its subgroups 
The function
is a quadratic form on A, that is, Q(−a) = Q(a) and
defines a bicharacter.
Following [DGNO10] , we say that a pre-metric group is a pair (A, Q), where A is a finite abelian group and Q : A → k × is a quadratic form. A pre-metric group is called metric is the associated bicharacter is non-degenerate or equivalently the associated braided fusion category is non-degenerate.
A morphism of pre-metric groups (A 1 , Q 1 ) → (A 2 , Q 2 ) is a homomorphism ψ : A 1 → A 2 such that Q 2 (ψ(a)) = Q 1 (a) for all a ∈ A 1 . The group of all automorphisms of a metric group (A, Q) will be denoted as O(A, Q) and called the orthogonal group of (A, Q).
Let A be an elementary abelian p-group, where p is an odd prime. Once a primitive p-th root of unity ζ ∈ k × is fixed, the formula
defines a bijective correspondence between metric groups over k × of the form (A, Q) and quadratic spaces (A, Q), where A is seen as a vector space over F p . Hence, there is a bijective correspondence between nondegenerate pointed braided fusion categories D with Inv(D) = A and quadratic spaces (A, Q) over F p .
Reflection fusion categories.
Let (A, Q) be a quadratic space over F p . We will denote by Vec (A,Q) the non-degenerate pointed braided fusion category associated to (A, Q). It follows from [ENO10, Theorem 5.2] that Pic(Vec (A,Q) ) = O(A, Q).
Let C be a fusion category and S = {X i } i∈I a set of objects. We will say C is tensor generated by S if for every simple object Y ∈ C, there are X 1 , . . . X l ∈ S (possibly with repetitions) such that Y ⊂ X 1 ⊗ · · · ⊗ X l .
Definition 4.1. Let B be a G-crossed fusion category where B e is a non-degenerate pointed braided fusion category with Inv(B e ) an elementary abelian p-group.
We will say that B is a reflection fusion category if (1) Inv(B) = Inv(B e ), and (2) B is tensor generated by Inv(B) and simple objects of FPdimension √ p. 
Proof. Since B e is pointed and B g is an indecomposable module category, Inv(B e ) acts transitively on Irr(B g ). In particular, all simple objects in B g have the same dimension. Let X ∈ Irr(B g ) and Stab(X) = {Y ∈ Inv(B e ) : Proof. Let B e = Vec (A,Q) , where (A, Q) is the associated quadratic space over F p . The element T g ∈ O(A, Q) = Pic(B e ) is trivial if and only if B g contains an invertible object. Then the group homomorphism
is injective if and only if condition (1) in the definition of reflection fusion category holds. Now, let
We will see that S = {g ∈ G : B g contains a simple object with FPdim(X) = √ p}.
It follows from Lemma 4.2 that the objects in B g have FP-dimension √ p if and only if dim Fp (Im(id A − T g )) = 1. Since T g ∈ O(A, Q), the condition dim Fp (Im(id A − T g )) = 1 is equivalent to being a reflection. In conclusion, T g is a reflection if and only if B has a simple object of FP-dimension √ p.
We will see that G = S if and only if condition (2) in the definition of reflection fusion category holds. Let x ∈ G and Y ∈ B x be a simple object. If condition (2) holds, there exist Z ∈ B e and X i ∈ B g i , with
and g 1 · · · g l = x. Thus G = S . Conversely, assume that G = S . Let x ∈ G and Y ∈ B x be a simple object. Thus there are g i ∈ S such that x = g 1 . . . g l . Let X i ∈ B g i be reflection objects and Y ′ ⊂ X 1 ⊗ · · · ⊗X l ∈ B x a simple object. Since Inv(B e ) acts transitively on the isomorphism classes of simple objects of
that is, condition (2) holds.
Irreducible reflection fusion categories
Definition 5.1. A G-crossed fusion category B = ⊕ g∈G B g will be called irreducible if B e does not contain non-trivial G-invariant fusion subcategories.
Proposition 5.2. Let B be an irreducible G-crossed category with G = 1. The following conditions are equivalent:
(1) FPdim(B e ) = p n (p an odd prime), Inv(B) = Inv(B e ), and B is generated by objects of FP-dimension 1 and √ p.
(2) B is a reflection category.
Proof. (2) =⇒ (1) is trivial, for (1) =⇒ (2) we only need to see that B e is a non-degenerate pointed fusion category with Inv(B e ) an elementary abelian p-group. As a consequence of [ENO05, Theorem 8.28], we have that Inv(B e ) is non-trivial. Since B is irreducible, we have that Irr(B e ) = Inv(B e ), with Inv(B e ) an elementary abelian p-group, where p is an odd prime. Since the fusion subcategory generated by all X ∈ B e such that c Y,X c X,Y = id X⊗Y is invariant for any braided auto-equivalence, we have that B e is either non-degenerate or symmetric, with p invertible objects. But in this case B B will have invertible objects outside B e unless G = 1, since the category of vector spaces is not invertible as a module category over B e .
The aim of this section is to classify irreducible reflection fusion categories up to twist using the results of Appendix 6 and the classification of irreducible reflection groups over finite fields, [ZS80] .
If B = ⊕ g∈G B g is an irreducible reflection fusion category with B e = Vec (A,Q) , it follows from Theorem 4.3 and [ENO10, Theorem 7.12] that G ⊂ O(A, Q) = Pic(Vec (A,Q) ) is an irreducible orthogonal reflection group.
Conversely, it follows from Theorem 6.2 that in order to classify all irreducible G-crossed extensions of Vec (A,Q) up to twisting, we can proceed as follows:
(1) Compute all orthogonal irreducible reflection groups G ⊂ O(A, Q).
is the composition of the bicharacter β associated with Q with the cup product in the group cohomology of G. 5.1. Irreducible reflection fusion categories where p ∤ |G|. The case G = 1 is trivial, so we will omit it and assume G = 1. If B = ⊕ g∈G B g is an irreducible reflection category with Inv(B e ) = F p , then G = Z/2Z and G acts on F p by inversion (since Pic(B e ) = {id , −id }). It follows from Lemma 4.2 that B 1 has only one simple object up to isomorphism. Hence B is a Tambara-Yamagami fusion category (see [TY98] ) with a Z/2Z-crossed structure (see [GNN09, Section 5] for a complete description).
The next theorem classifies irreducible reflection fusion categories B = ⊕ g∈G B g , where Inv(B e ) is p n and p ∤ |G|. Proof. The theorem follows immediately from Corollary 5.3 and Theorem 3.7.
Remark 5.5. Since A 3 = D 3 , we have excluded D 3 from Table 2. 5.2. Reflection fusion categories where p| |G|. As we saw in Corollary 5.3, reflection fusion categories where p does not divide the order of G are classified up to twisting by an element of H 3 (G, k × ) by an orthogonal reflection group G ⊂ O(V, Q) ∼ = Pic(B e ). As we will see, even if p divides |G|, in almost all cases of irreducible reflection groups we have that H 2 (G, V ) = 0 and thus Corollary 5.3 applies. The following lemma will be useful to compute H 2 (G, V ).
Lemma 5.6. Let G be a group and
Proof. Let us use the short exact sequence
The associated LyndonHochschildSerre spectral sequence has E 2 -page
and it converges to the group cohomology 
It follows from [K79, K80] and [Bur07, Bur08] 1 that H 2 (Ω(V, Q), V ) = 0 except for the groups Ω(V,
, V )) = 0, using the LyndonHochschildSerre spectral sequence as in Lemma 5.6 we can conclude that
Proof. First we need the well known fact about the cohomology of finite cyclic groups. Proof of Sublemma 5.9. Let C m be the cyclic group of order m generated by σ and A a C m -module. The sequence
, we prove the sublemma.
Let Ω(3, p) be the derived subgroup of O(3, p). It follows [Sah74] that H 2 (Ω(3, p), V ) = 0 for p = 3, and H 2 (Ω(3, p), V ) = F p for p > 3, where V = F 3 p is the standard representation. Using the exact sequence Let G = O 2 (3, p). It suffices to show that the cup product combined with inner product in V defines the zero map
The p-Sylow subgroup of G is isomorphic to Z/pZ, and we have H 2 (Z/pZ, F p ) = F p . Moreover, it is well known that the restriction morphism
is an isomorphism, and it suffices to show that the natural bilinear map (3, p) . By Lemma 5.8, for any M ∈ H 2 (G, V ) = F p the fourth obstruction O 4 (M) is zero. Hence the set of twisting classes of reflection categories B = ⊕ g∈G B g over Vec (V,Q) , is a non-empty torsor over F p .
G dim Fp (V )
Restriction on p > 2 or n A n,p n > 0 p | n + 1 B n,p n > 2 D n,p Assume now that A has odd order. Let G be a group (not necessarily finite) and c : G → O(A⊕A * , q) be a homomorphism. Then q defines a unique G-invariant symmetric bicharacter β on A ⊕ A * valued in roots of unity of odd order such that (6.1) β(x, y) 2 = q(x + y)/q(x)q(y);
namely, β((a 1 , f 1 ), (a 2 , f 2 )) = (f 1 (a 2 )f 2 (a 1 )) 1/2 . Hence c defines a canonical action of G on the braided tensor category Z(Vec A ) = (Vec A⊕A * , β) (the Drinfeld center of Vec A ). In other words, the first obstruction O 3 (c) ∈ H 3 (G, A ⊕ A * ) to constructing an extension of Vec A by G automatically vanishes, and there is a canonical choice of the element M in the corresponding H 2 (G, A ⊕ A * )-torsor to go to the next step of the process (see [ENO05, Sections 7, 8] ). This also follows from the fact that H i (O(A ⊕ A * , q), A ⊕ A * ) = 0 for i > 0, since −Id ∈ O(A ⊕ A * ) acts by −1 on A ⊕ A * . Recall also that if C is a faithful G-graded tensor category over k and ω ∈ H 3 (G, k × ) then one can define a faithful G-graded tensor category C ω obtained by twisting C by ω. This is done by multiplying the associativity morphism α X 1 ,X 2 ,X 3 by ω(g 1 , g 2 , g 3 ) for any g 1 , g 2 , g 3 ∈ G and X i ∈ C g i , i = 1, 2, 3, where ω is a 3-cocycle representing ω. Note that C ω does not depend on the choice of ω and uniquely determines ω.
Our first main result is the following theorem. same characteristic. However, we expect that these theorems can also be proved by directly computing the obstruction O 4 without using the results of [FP78] , and that they actually hold for any finite abelian group A of odd order. Acknowledgements. I am grateful to D. Nikshych and V. Ostrik for useful discussions. This work was supported by the NSF grant DMS-1502244.
6.2. Proofs of Theorems 6.1 and 6.2.
6.2.1. Proof of Theorem 6.1. Let O(2n, p) be the split orthogonal group over F p in dimension n. Also let k × p be the group of elements of k × whose order is a power of p. The proof of Theorem 6.1 is based on the following proposition, which is an immediate consequence of [FP78] , Theorem 4.6(d).
